Maths Mastery

Developing Mathematical
understanding:

The C-P-A approach



Today’s Aims:

* Today we will discover how the concrete,
pictorial, abstract (CPA) approach helps pupils

to develop a deep understanding of maths as
part of mastery learning

* Explore ideas and reflect on how you can use

the CPA approach to support your child in
maths



Why CPA?

Children (and adults!) can find maths difficult
because it is abstract.

The CPA approach builds on children’s existing knowledge
by introducing abstract concepts in a concrete and tangible
way. It involves moving from concrete materials, to pictorial

representations, to abstract symbols and problems.

The CPA framework is so established in Singapore maths
teaching that the Ministry of Education will not approve any
teaching materials that do not use the approach.

CPA is at the heart of MATHS MASTERY.




Let’s break it down!

Concrete Pictorial Abstract (CPA) is a three step instructional
approach that has been found to be highly effective in teaching
math concepts.

Concrete = The ‘doing’ stage — physically moving objects to explore a

concept. This helps bring the maths to life. Every abstract concept is first
introduced using physical, concrete objects.

For example, if a problem involves adding pieces of fruit, children can first
handle actual fruit. From there, they can progress to handling abstract
counters or cubes which represent the fruit.




Pictorial = The ‘seeing’ stage — images used to represent the
objects.

This stage encourages children to make a mental connection between the
physical object they just handled and the abstract pictures, diagrams or
models that represent the objects from the problem.

Building or drawing a model makes it easier for children to grasp difficult
abstract concepts (for example, fractions). Simply put, it helps children
visualise abstract problems and make them more accessible.
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Abstract = The ‘abstract’ stage — symbols and numbers are
used to model the problem or calculation. The teacher uses
operation symbols (+, —, x, /) to indicate addition, multiplication,
or division.
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MAKING CPA WORK
Although we’ve presented CPA as three distinct stages, a
skilled teacher will go back and forth between each stage to
reinforce concepts.
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Nothing new here!

Giving children objects and drawings to help them
to understand key concepts isn’t anything new.

So, what is it that makes this approach so valuable
to the study of maths and particularly to the
teaching for mastery?



Firstly, CPA is not about getting the
answer quickly.

* Concrete manipulatives are used to help
children work through new concepts and
challenging questions and provide a transition
to pictorial and abstract.

After all, maths lessons aren't about teaching
tricks; they are about giving children the tools to
understand the problem in front of them.



* |Interestingly, in a mastery classroom, there
doesn’t have to be a linear progression from
concrete to pictorial to abstract.

Instead, teachers apply a cyclical approach.

For example, even when a pupil has worked out
the answer using an abstract method, it is worth
asking them to use concrete manipulatives to
convince others that they are correct.




Secondly, CPA is for everyone!

* Useful for all abilities and ages. Concrete manipulatives
are a common feature of KS1 classrooms across the
country. By KS2, they used to barely exist and were
only occasionally brought out for children who were
struggling.

* Mastery teaching encourages the use of concrete
manipulatives in any lesson as there is value in KS2
children having a variety of equipment to aid their
thinking. For these children, concrete objects can often
kick-start learning about a new concept and are
gradually abandoned as they progress through the
lesson.



Finally, CPA is a way to deepen and
clarify mathematical thinking.

* Children are given the opportunity to discover new
ideas and spot the patterns, which will help them reach
the answer. From the start of Reception, we introduce
CPA as three interchangeable approaches, with
pictorial acting as the bridge between concrete and
abstract.

 When teaching for mastery, the CPA approach
helps learners to be more secure in their
understanding, as they have to prove that they have
fully grasped an idea. Ultimately, it gives children a firm
foundation for future learning.




Concrete representation

Ooa\%\v

19 Q
|o"\

\ 0/Q

@®@@&@® oo o OO
®® o



http://www.google.co.uk/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=WqIJcrQ_Q5OlfM&tbnid=tYiTWCQPZ-FkPM:&ved=0CAUQjRw&url=http://www.tts-group.co.uk/shops/tts/Products/PD1723357/Cuisenaire-Rods/&ei=PSgCUoTnDsi0PJnfgaAH&psig=AFQjCNE1DlJADatliXAQeO5TGuXriRhd0w&ust=1375959206993813
http://www.google.co.uk/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=0KN9SdNP_6-ACM&tbnid=k7Btg9nmb_tJLM:&ved=0CAUQjRw&url=http://www.educatorsoutlet.com/index.php?main_page=index&cPath=20_166&ei=cSgCUpbwHoGkPY2pgdAO&psig=AFQjCNHTn-G5vaFyXZE95OfBs7swgsy7RQ&ust=1375959520444240
http://www.google.co.uk/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=BjsVSlr2TJAEFM&tbnid=a1uGw0zJpWwFPM:&ved=0CAUQjRw&url=http://www.ebay.com/bhp/unifix-cubes&ei=0CgCUufxGMLpPPj6gIAC&psig=AFQjCNETbjIg7ijQoAnWyO18yCcst1s2IQ&ust=1375959609251749
http://www.google.co.uk/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=9Bi_xktkveq8UM&tbnid=swJzYYHx5qOmMM:&ved=0CAUQjRw&url=http://openclipart.org/detail/Five_dice_02.svg&ei=DyoCUuerNsOWPfmagKAK&psig=AFQjCNFkiaae36CbCCUgdW-pzz16quCyvQ&ust=1375959666719449
http://www.google.co.uk/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=lCpp3cF6Ey8uoM&tbnid=I4fQm1inmIkyMM:&ved=0CAUQjRw&url=http://fractionsarefun.blogspot.com/2011/05/beginning-to-add-fractions-with-unlike.html&ei=OSoCUuD2I8KBPbPUgbAE&psig=AFQjCNE8Wlifn-BE_7URp0PmHlPw0tVW1Q&ust=1375959979766871
http://www.google.co.uk/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=2o5QbXw9iyt89M&tbnid=Z4HTg8EiIvFW0M:&ved=0CAUQjRw&url=http://www.origoeducation.com/transparent-counters/&ei=mSoCUtiRDoXvOYz2gYAG&psig=AFQjCNFgHi8ZqhrRFi22I_xOg5KByjuXCQ&ust=1375960078291834

Concrete representation



http://www.google.co.uk/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=hQ4WA7Q5hmygWM&tbnid=58ajW3Ou9IHCsM:&ved=0CAUQjRw&url=http://www.fanpop.com/clubs/pencils/images/22186659/title/colored-pencils&ei=-ysCUsCvPIfaOKnHgMgL&psig=AFQjCNFKlcr5IvmnJ6xtqfHE-lG1OZyKlQ&ust=1375960422513134
http://www.google.co.uk/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=fNJ_kDG4STV6zM&tbnid=4Dp15qJeoXqX-M:&ved=0CAUQjRw&url=http://www.the-parenting-magazine.com/gifts-for-kids/cheap-toy-cars-for-kids/&ei=yywCUrHzJsnBO_yjgNgM&psig=AFQjCNH-JAwovzNH7E7hZ7w3CKHI0_AHnw&ust=1375960619532560
http://www.google.co.uk/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=MCUJ0I8woOkXLM&tbnid=4YxxGIvBErUI4M:&ved=0CAUQjRw&url=http://www.fabianstrimmings.co.uk/trimmings/buttons/&ei=JC0CUrXqH8TJPeH1gKgI&psig=AFQjCNGBDDkSOraOBtPUYF2LL1ibaR0_pw&ust=1375960686471020
http://www.google.co.uk/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=rxQx1--esPPArM&tbnid=EIO8rDMppp84mM:&ved=0CAUQjRw&url=http://www.charlotteswebblog.co.uk/2013/04/further-adventures-in-plastic-animals.html&ei=Dy8CUp6oHsasOIyogRA&psig=AFQjCNEm-R5mk6xGduKZly1iEMyfffVi7w&ust=1375961065932840
http://www.google.co.uk/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=F0QJrNClH0_QAM&tbnid=jZMPCXqrSgGzMM:&ved=0CAUQjRw&url=http://www.sxc.hu/photo/894324&ei=Zy8CUruCN4GvO6LCgJAB&psig=AFQjCNF2vXdVZJw5-xuAlA0jGwTaMIuhDg&ust=1375961257422951
http://www.google.co.uk/url?sa=i&rct=j&q=&esrc=s&frm=1&source=images&cd=&cad=rja&docid=xHaO1ZHHnJNG9M&tbnid=inPz91ZJuPaWOM:&ved=0CAUQjRw&url=http://www.thepapercupcompany.co.uk/content_accessories.php&ei=xy8CUvKJO4GvO6LCgJAB&psig=AFQjCNEn6EA3prEXl7NA3QD2SVFVSULxvQ&ust=1375961366053343

Activity 2a




Activity 2b




What does CPA look like in different areas of maths?

Addition without regrouping/exchanging
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When children are secure, a formal method is taught.



Let's look deeper at why multiplication
can be worked out in this way.

Multiplication is COMMUTATIVE.
Two or more numbers can be multiplied in any
order (swapped around) and the same answer

will be given.

e
MIMY - Wh
oo R o] el el

2x4 o8 o

4x2




Multiplication is also ASSOCIATIVE.

It doesn't matter how we group the numbers ;
(i.e. which we calculate first) when we multiply.
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(2x4)x3 2% (4% 3)

The brackets show which calculation has been
worked out first.




Here are three 1-digit cards.
Y2

91 3

—

Arrange them to create a multiplication calculation and
work out the answer.

X X




e

Now rearrange the cards to create 2 different calculations
and work out the answer,

X X

What do you
notice about the X X
three answers?




11 x3
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How has 11 been partitioned?
Name and explain each model.

Why has it been partitioned in this way?




Use partitioning to calculate this:

( 16x3 |
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16 has been partitioned into
and

Ten lots of 3 is
Six lots of 3 is

10x3+6x3=

16 x 3 =




Use partitioning to calculate this:

(

21 x3

J

21 has been partitioned into
and

Twenty lots of 3 is
One lot of 3 is

20x3+1x3=

21 x 3 =




Multiplying using partitioning

Multiply. 123 x3 =

Complete the part-part whole diagram by partitioning 123 into
hundreds, tens and ones. Then fill in the missing boxes.

X3=

X3=
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Problem solving e
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Each ticket from London to o i
Middlesborough costs £116.

How can we find the cost of 6 tickets from London to Middlesborough?

000000
000000
0 000000
v 000000 £116 x 6 =
0 000000

100x6 10x6 10x 6
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Multiplying 2 digit numbers.




Method 2:

(1)
ORO

8x11 =80+ 8 8 x10 = 80 8x1=8
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Let's practise
using the
written
method.
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“ind the product of 43 and 2.
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Find the value of 34 x 2




First multiply the ones.
Then multiply the tens.
Finally, multiply the hundreds.




First multiply the ones.
Then multiply the tens.
Finally, multiply the hundreds.
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Discuss what us happening to the numbers as
you multiply each number.
Use the model to help you explain.




23x6=138

23x6=120"'18
=138




Multiply

45 x 6
COCOOD®

As you use the strategy, explain
what is happening the numbers as
you multiply.

What numbers need exchanging?
Why?




68 x 2

Let's discuss what
happens at each
stage of the
multiplication.

The overall strategy:
multiply from right to left;
regroup whenever it is
necessary.

Hundreds




£304 x 2

300 %2 =600
4x2=_8







What happens when there is a 0 in the ones
column, tens column or hundreds column?




A school has 245 packets of sweets.
Each packet contains 4 sweets.

How many sweets are there altogether?
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Use the place value counters to solve the problem.
Remember, if there are ten or more counters in a column,
to make an exchange.




Multiplying a 2 digit number by a 2 digit
number

Concrete materials

There are 12 eqgs in this box. How many eggs in 14 boxes?
hx12=

(o) We can use (b) We can use bigger blocks to  (¢) We can total
base ten show it more quickly. Here the value of the
blocks to make we have used one 100 block blocks to get
14 rows of 12, instead of ten 10 rods, and the answer.

used two 10 rods instead of
20 unit cubes.

1 100
s 40
oE: 100 26 20
1!
H s
10 =
- 168
mm
L)

Using base ten blocks to demonstrate multiplication
as an area array.



Pictorial

o Draw base ten blocks to solve these. Check that each answer looks reasonable.

200
80
13x22 = 100 100 / ok
286
= "—t— =13

Moving on from the actual blocks; drawing a pictorial representation



CPA In
KS2




CPA in
Upper KS2




Let’s explore some key mathematical
concepts using the concrete materials
(manipulatives)




Finding the difference

* A concept that begins in Nursery and is developed
throughout each and every year group.

* This key concept is particularly difficult for children
to grasp.

 To find the difference between 2 numbers, the
operation we are using is subtraction.

Think about the manipulatives you have on your table,
how could you first demonstrate the idea of ‘difference
to your child?

What manipulatives could you use?
Do some make it clearer than others?
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difference

fewer

How many cakes are at Turtle's feast?
more

How many cakes are at Anansi's feast?
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Develop Learning
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Key learning: to compare two sets using the language 'more’, Tewer' and 'difference’.

Develop Learning

How many more cakes does Anansi have than Turtle?

Ararsi |o|o|e|e|o]e|o]e|e|o]e]e]

Turtle

s2nansi has 4 maore cakes than Turtle.
el Urtle has 4 fewer cakes than Anansi
o[ here iz a difference of 4 hetween the number of cakes they have.

o compare more fewer difference




Talk Task
S

Adam is fiveyears old, | will represent that using five cubes,

Lnnais sinyears old, | will represent that using six cubes,

There is one cube sticking out, Annais oneyear older than Adam.
Adam is one year younger than &Anna.

The difference between their agesis oneyear,
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§ compare more fewer difference




Key learning: to compare two sets and find the difference in a range of contexts.

Develop Learning
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Are there more bananas or apples?

Ny compare more fewer difference




Key learning: to compare two sets and find the difference in a range of contexts.

Develop Learning
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Are there more bananas or apples?
M compare more fewer difference




Finding the difference

Google: ITP maths for
interactive teaching models.

move the beads up or

down the screen to
/ compare their lengths
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difference is
shown as a 'jump’
on the number line




Key learning: to compare two numbers using 'greater’, 'less' and 'difference’.

Talk Task *

Mlevrmbar bonads
o 5

{‘ I've rolled a 4. I'll start at 7. {(Marking jumps) 1, 2,3, 4.
,«;ﬁ 4 oreaterthan 7 is 11.
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P
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11is 4 greaterthan 7. 7 is 4 less than 11.

[
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ﬁ The difference between 7 and 11 is 4. The difference
ﬁ between 11 and 7 is 4.
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M compare difference greater less



How would you use the bar model to
represent finding the difference?



N :
Bar Models 2 ame
Teacher:
B Work out the missing valuss. . JEM e bar model shows information about chidren in a clase.
(a) i
% Boys 8
.26, 20
Girls 10
i
®) ” | :
12 Complete the following sentences
- f g E Thrau'u...l.g.....bu\rahﬁnnluss‘
48 10
( :l j There are ....7.... QHE in the class.
38 E There are 8 .M°"%.. boys in the class than girls
A H
28 " ' I There are B .fﬁ":"ﬁrf. girls in the class than boys
E There are .. 28 children in the class.
.66 i




H Sarah has IS more flowers than Katya.

Show this on the diagram

Sarah

Katya

\—.r,_i
)

n Rory bakes 24 buns.
His Mum bakes 10 fewer buns.

Currpla'l‘e the diqgmn

Adil

Roz

Danny

i H Adil, Roz and D-!I"Iﬂ"f have some bricks.

Complete the missing values.

Bar Models 2
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20

Complete the following sentences

Adil has 100 bricks.
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Activity 3

Look at a different statement below and use
concrete manipulatives to model it.
How many different manipulatives can you use and
what learning occurs, or what is being reinforced?

3x4=12

Compare 31 and 35
*Subtraction: 40 — 7 and 43 - 28
*13x 22 =286



3x4=12

* Pupils can count the
total

* Reinforces ‘groups
of’

* |tisclear that 4x4
would require
another group/row
of 4 (repeated
addition)




Compare 31 and 35

e Comparing numbers
* More or fewer

e Look at the tens and
ones

e What’s the same
and what’s
different?




40—-7 =33

* Understanding re-grouping
e Reinforcing place value



13 x22 =286

* Supports counting in
100s, 10s and 1s

* Shows that every
number is multiplied
by every other
number

»
3
»

!“ﬂ.




Activity 4
Discuss:

* Why do you think the use of concrete Q

manipulatives reduces as pupils journey @
@
through education?

 Why is this concerning?



C-P-A benefits

Provides pupils with a structured way to learn
maths concepts

Pupils can build a better connection when moving
through the levels of understanding from concrete
to abstract

Makes learning accessible to all learners
Research has proven this method is effective

Able to use across year groups, from early primary
through secondary school

Helps pupils learn concepts before learning rules
Can be used in small groups or the entire class

Can be used to differentiate and to assess true
understanding — MASTERY!



